
3 4 The exponential mop

The exponential map of a he group is a

powerful computational tool that Cunks a

he group to its he algebra It is obtained

from the simple observation that a left
invariant vector field generates a

one parameter group of diffeomorphisms
of a special type
We call start by discussing the special
case of GL n F which requires
caso background from differential geometry
In terra cose the he group exponential
turno out to be the matrix exponential

we will prove this statement later

Choose any norm 11 7 am R and endomi

Mma R with the so called operator
Norm

Hall sup HA v1
HUH I

Theoperator norm satisfies HABI HAI BII



1

Proportion 3 44

1 The series EI È converges
conformly on bollo with

fronte moderno in Main R to a

smooth mop called Exp In foot
Exp in real analytic

2 For all A Bo with A B 0

Exp A B Exp A Exp B

In particular Exp takes values un

GC hip

3 For all A Main Ri the mop
6 R GL n.IR

t Exp ta
is a smooth homomorphism with

g o A
4 Any smooth homomorphism

Y R GLCnik
is of the form VII Exp yilo

Proof
11 Fo all A with HA R and NII



we have 11 11 II
Themuform convergence of the series on

compact nato follows sure ELI co
Inonder to show the uniform convergence of
the derivatives we note that

E Eh me Ej
2

G

Henee 11 n.lk 41

Applying G iteratively t.in possible
to get analogous estimates for
higher order partial derivatives

and show that for all KEN
and all partial derivatives III oforder K

II
converges uniformly on compact seta
Henee Exp is smooth A similon



argument proves real onolyticity

2 If AB BA then

AB EI E A B
Gonasethrato

PEI.fm pn.ttmeungenerolIn particulon
I Exp a Exp A Exp f A

which shows that Exp takes values mi

GLINK

3 Follows immediately from 11 and 2
ms derivative of the power series

Endofleetaraet y IR GLI MIRI be o

smooth homomorphism Then

Y'If 1 f tts

Ilse 4H yes

It Yo ODE on

Main R



Not that f E P ty.co io by

Hence the statement follows byuniqueness
of solutions of ODED

Non we turn to the construction of the
exponential mop for a general he group

We need to recall on existence result
about integral curves of smooth vector
fields

Definition 3.45 Integrol curve

An integral curve of a smooth vector field
on M io a smooth mop y I M

with jet get
LEI

Here I CIR is on open interval and

jlf Dpt 1 1 ETR

The fundamental existence and uniqueness



q
theorem for first order ordinary differential
equations un R implica see for nuotonee

EThby Anintroduction to Differentiable
Monfolds and Riemannian Geometry 1
Chapter IV 4

Theorem 3.46

let E Veet M For every MEM
there exist armi bam Rutta
and a smooth curve

Jm armi beni M
such that
1 O olm bim and go M

21 pm is on integral curve of
3 If µ Cid M is a smooth

curve satisfying 1 and 2 then

Cid c armi bin and

O eria 1

Definition 3.47
The vector field X Veet M es

complete if m M.com blm R



that io the integral curves givenby
Theorem 3.46 one defined on R

Proposition 3.48
Let E Veet M be complete Then

the mop

I Rx M M
t m gm t

is a smooth mop satisfying

41 E ta im I te m

ti ti ER m E M

One colla It a 1

promoter family of diffeomorphisms
Gcheck that they are

Proof diffeomorphisms

We prove the semigroup low

The mop t Jm ta t t io

n integral curve of X such that
07 am ta By the uniqueness



y 9

part of Theorem 3.46 we get
am fatt Jamita

t

Reformuloting this in terms of I
given a

The proof of the smoothness of the flow
mop I follows from the smooth
dependence from the antial conditions of
solutions of ODED un see agonn

Boothby Chapter IV 4 for the
details

We con me flows of vector fields to
compute derivatives of other vector fields

given a Comooth vector field Xi on

M and a smooth function f M R

we already defined The derivative of
f in the direction of by Xp f

Tuo generalizes from R to on orbitronny



gen 1 y
manifold the motion of directional derivative
of a function

If we wish to determine the note of
change of e vector field Yotp.fm
in the direction of Xp we got into
troubles as soon as we leave 00

there io no clean way to compone the
values of of different points
as we would like to do inonden to

compute its note of change

A Key observation is the following Assume

for the aoke of simplicity that io

complete Consider sto flaw I Set

II E It

For each p EM and each t ER there
is on induced isomorphism

Dp II Tp M Tefip M



We con una these isomorphisms to compone
values of Y of different points Theo leads
to the following

Definition 3.49
Let X Y E Veet M and assume that

they ore complete for simplicity Then
the he denunative of with respect to

of p is

II De p.FI p

Then we have the following

Theorem 3.50

Under the some assumptions above it holds
Y X Y

We address the reader to Boothby Thm 7.8
Chapter IV for o proof



This new perspective on the he brocket
io very helpful for proving the following

Proposition 3.51

Let X Y Veet M be completa
Then II Is Is I
Ktis ER if and only if 17 0

We come back to he groups and invariant
vector fields

Proposition 3.52

Let G be a he group
1 Left invariant vector fields ore

complete
2 For

every
n Te G let v'E

lect G be the corresponding left
invariant vector field and

er R G be the integral curve of
v4 through e Them E_ io e smooth

homomorphism
3 The one ponometer group of



f
diffeomorphisms

I Reg G
is given by fig gen f

Proof
Let fa acel ble G be the integral
canne of r through e given byTheorem 3.46 We claim that
G gg Lt ggelt flasel ble
is on integral curve of v through g
Indeed

jg f Da.ca Lg je CH Dg.in4 IH
I io anutagolVgfect curve

v'io left invontant by definition
et now 820 be anch that 8,8 claselible
and define

pct
te laser ble

g s ge f 8 E fare 8 ble 78



This curve g io well defined since by G

de Ctl and to Jeff g It 8
one both integral wives of v through
de 8 hence they coincide omony
common interval of definition by
the uniqueness part of Theorem 3.46

It follows that gas on integral curve of
through e defined on ace ble 8
which by Theorem 3.46 again implies
that bee too

A similar argument gives aie 0

Theo by a v'io complete In particulon

I is defined on R G and it follows
from al again that

I'Itg g
e

This completes the proofs of 1 and 3

Concerning 2 sinee I Isa 1



J
porometer group of diffeomorphisms

E Ettig 4 ICtrig
3 Ilfrig tace

Since obviously tatta fatta we obtain

I tetti e Itta e I te e

which completes the proof of 2 since

fuit tie

In this context it seems natural to
introduce the following

Definition 3.53
A one parameter group un G io a smooth

homomorphism R G

We have seem thanks to Proposition 3.52
that a tangent vector v E Te G
leads via the corresponding left invariant
vector field to a one parameter group



f gr
Yr R

Also the converse is true Nomely

Corollary 3.54

If 4 R G is a one parameter group
then Pr where v i o

Proof
Lot v g o E Te E and v'be the

corresponding left invomont vector field

We have

l f
se
ectts

Ils PCHers Definitionof
pishonto

re

morphism
De Lacy e

Henee e io on integral curve through e of
and therefore Pr

Exercise 3.55



Understand one parameter groups un R
and in T2

We one now ready to define the exponential
on general Le groupa

Definition 3.56
Let G be a Lee group with Le algebra

9 The exponential mop

expo 9 G
io defined by expo v 6 1

where po s the integral canne of v
through e

Conollong 3.57
The following properties hold
1 expo tr Pr f FER

V E g
2 If v w g satisfy v w 0

then expo rtw expo v expglw

For the proof of 2 we will require



f f 9

Lemmo 3.58
Let m Ge G G be the productmop
Then under the identification of
Tae G G with Te Gate G
we have

Dee M u u utw

Proof
Simea Da e m Te Gate G TG
so linear mop we have

Pare m low B e
m 010 Die m loin

Connder now G GAG Io G

g gia g.ie

Them moi da and hence

De.am De u U tu ETG

TI
Proof of Corollary 3.57

1 By definition



7 I
expa tir

fin
I

Consider now yes po ts
Then y is a one ponomater group with

yilo t pi o fr and henceby
Corollary 3.54 Y Ytr which
implies tv ts Petr s S

ondhamee pm 1 fu t that is

expa tv fr t

2 If vino O then byProportion 3.51

E I tis

and hence by Proportion 3.52 3

Yu 4 Pres pris Pw Lt His

This implies that
It Yult pult FR

io a one parameter group in G with

4 o Da.am into 6W o



I

Dee m v w

ut W Lemmo 3.58

Henee y f Paw t which implies
expe rtw expain expalw

The characterization of one parametergroups
in termo of the exponential leads to the

following

Proposition 3.59
Let e G It be a smooth homomorphism
Then the drognom

G A

capo eeph
TG EH

i
commutes

Proof
The mop 4 R H

6 expo tv



io a 1 ponometer group un with

Y o De r

Hence by Conollong 3.57 1 and

Corollary 3.54 we have
It exp De vi

which proves the statement

Exercise 3.60
Prove that expaca ta Explta

t ER A gtin.IR Main R

Hint use Proposition 3.44 3

The exponential mop given a preferred chant
of e Namely we have

Conollony 3.61

Let G be a be group with he algebra
9 Then the following hold
1 Doexpo 1dg



2 There is O E U Cg open suchthat

capa u C G in opere and

expo U expo v

is a diffeomorphism

Proof
For
every g 1 expo tx X

which shows 1 Then 2 follows from
the inverse function Theorem

Theorem 3.62 Canton

If k io a compact and connected he

group then expp K K is

surjective

It's on Exercise to show that

Exp via Ulu
a surjective
Hint combine the foot that every
AE Ulu la diagonolezable with
the formulo g Exp e g Explgxg



g g 99
voted for all E Muin C g E GLIn 6

A simulon argument using Jordan's normal
form implies that

Exp glin GLIn C
a arenjective

Example 3.63

Let

v ER with

Le algebra

41
er

Since D X n we have

Exp Ht II FI
Moreover if Y E N then we can write
7 11 4 with Y such that 1 714 0

Then if we define log Ne ha by



log Y log 11 7 1 1 IYI
tis possible to verify that Exp n N

and log N h are smooth and
inverso to each other Henee Exp
here io a smooth diffeomorphism in

porticulon it in surjective

Example 3.64

We claim that Exp s n B SLIMR
is not surjective Indeed aimee

Exp E Exp X

every matrix in the image of Exp io

a squione on the other hand

I is not a ormone

We can use the properties of the exponential
mop to study the structure of connected



y f
obelion Ge groupa

Definition 3.65
A Ge algebra g io obalion if 0

We have there

Proponition 3.66

1 Let G be a connected he group with
Le algebra g Thee Gin obelion iff
9 s obeleon

2 Let 6 be a connected abelian hagroup
Thee expo g G in a smooth

surjective homomorphism
Ho kernel M Ken expo io e discrete

subgroup of g and capo induces

on isomorphism of he porepo

94 G

Proof
We one going

to prove 1 and 2 of



8 8
the some time
Assume that Gin connected and obelion

By Proportion 3.52 for all v W E g
it holds I I Ktis

Hence Proportion 3.51 implies that
v W O

that is vini 0 Vin g

Assume now that gia obelion and Gia

connected Conollony 3.57 2 implies
tent expo g G io e smooth

homomorphism By Corollary 3.61 2

expo G is on open subgroup of G
hence closed Since Gia connected
we obtain expa G G and Gin

obeleon
open in G

Let U 70 be openm g suchthat
expo U capo U is a diffeo
given by Conollong 3.61 2 agone Then



MAU 404 and Mio a discrete group

Then Exercise the induced group
Isomorphram

Un
G

io a diffeomorphism

Exercise 3 67

Let be e finite dimensional vector opale
and M CV a discrete subgroup Show
that there one fai fr EM linearly
independent mV such that

M I get Egr
Exercise 3.68

Show that every connected obeleon he

group G is isomorphic as a ke group
to T'xp 9

where h dim G on T RG
We and this section about the exponential



Mop with an application related to
Hilbert's fifth problem that was

discussed during the first lecture

In the works of Gleason Montgomery
Zippin and Yamabe when the problem
was settled and even earlier with
the work of Von Neumann it was

understood that a Key motion for
understanding the distinction between

topologreal and he granpa was that

of a small subgroup

Definition 3.69 Small subgroup
A topological group G is said to have small

subgroups if every neighborhood of the
identity contorno a non trivial
subgroup

Theorem 3.70
A connected locally compact topological
group admits a Ge group structure if



1
and
only if it has no small subgroups

Proof
We will only prove the implication
ha group No small subgroups

The proof of the converse implication goes
beyond the scape of the

conseleto EU cg be on per neighborhood
in the Geolgono of the he group G
such that repo U expalu
io a diffeomorphism with its image
which is open un G see Corollary 3.61
2 Let W cap V Nota
that was on open neagh of e f G
We claim that W contains ho non tunol
subgroups Ha G

Suppose that he H G H CW
Let e h EH and E U such
that expa X h



Note that we could assume U to be
bounded in the very first place

We will show that there one powers of
h not as this will contradict
the foot that A is a subgroup

Let n IN be such that 24 U

and 2 a IV Note that

since 2 E IV clearly 2 EU

Thang2
xp 2h7 e exp 0120

However exp U U expalullw
Hence h W a contradiction
since we assumed that HCW


